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Abstract
In this paper we give necessary and sufﬁcient conditions for blow-up of solutions for a particular class of nonlinear Volterra
equations. We also give some examples.
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1. Introduction
Certain integral equations arise inmathematicalmodels of the explosive behaviour in diffusivemedia. In applications,
the solution can describe a variety of physical processes, such as solid fuel combustion. There are many papers related to
this topic, e.g., [10,11]. Explosion or blow-up occurs when the solution becomes unbounded in ﬁnite time [1,2,6,10,11].
Some simple combustion models can be studied with the help of nonlinear Volterra integral equations of the type
u(t) =
∫ t
0
k(t − s)g(u(s)) ds, t0. (1.1)
We suppose that the nonlinear function g : [0,∞) → [0,∞) is a strictly increasing continuous function such that
g(0) = 0 and the kernel k : (0,∞) → [0,∞) is a integrable positive function such that limt→∞K(t) = ∞ where
K(t) = ∫ t0 k(s) ds.
Clearly, u ≡ 0 is the trivial solution of (1.1). In order to examine blow-up solutions, we must consider the case when
nontrivial solutions exist. The existence of such solutions follows from additional conditions [1,3–5,7,8].
We assume throughout the paper that u is a continuous solution of (1.1) with the maximal interval of existence [0, T )
and that u> 0 in (0, T ). If T <∞ and u(t) → ∞ as t → T −, then u has blow-up at T. On the basis of results presented
in [9], we formulate the following lemma:
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Lemma 1.1. If there exists a nontrivial solution to (1.1), then it is a strictly increasing continuous function. If u is a
strictly increasing solution of Eq. (1.1), it displays blow-up at T if and only if limt→∞ u−1(t) = T , where u−1 is the
inverse function for u.
The preceding lemma provides a characterization of blow-up that will be used throughout the paper, in which we
shall investigate properties of the inverse function u−1.
2. Sufﬁcient condition for the existence of blow-up
Lemma 2.1. If w is a strictly increasing, positive and continuous function such that w(t)< g(t) for t ∈ (a,∞) and
w(a) = g(a), then
u−1(t)K−1
(
t
w(t)
)
+ u−1((g−1 ◦ w)(t)) (2.1)
for t ∈ [a,∞).
Proof. The equality
t =
∫ g(t)
0
K(u−1(t) − u−1(g−1(s))) ds, t ∈ [0,∞), (2.2)
where the function K(u−1(t) − u−1(g−1(s))) is decreasing with respect to s, was established in [7]. Let t ∈ [a,∞).
Equality (2.2), along with the assumptions on g and k stated earlier, implies
t =
∫ g(t)
0
K(u−1(t) − u−1(g−1(s))) ds
∫ w(t)
0
K(u−1(t) − u−1(g−1(s))) ds
w(t)K(u−1(t) − u−1(g−1(w(t)))).
Hence
t
w(t)
K(u−1(t) − u−1(g−1(w(t)))),
K−1
(
t
w(t)
)
u−1(t) − u−1(g−1(w(t))),
and ﬁnally
u−1(t)K−1
(
t
w(t)
)
+ u−1((g−1 ◦ w)(t)). 
Lemma 2.2. If w is a strictly increasing, positive and continuous function such that w(t)< g(t) for t ∈ (a,∞) and
w(a) = g(a), then for any t ∈ (a,∞) limn→∞ (w−1 ◦ g)n(t) = ∞.
Proof. We give a proof by contradiction. If limn→∞ (w−1◦g)n(t)=M , whereM >a, then for any i (w−1◦g)i(t)<M ,
that is (g−1◦w)i(M)> t for any i. Thus limn→∞ (g−1◦w)n(M) t . But limn→∞ (g−1◦w)n(t)=a for any t ∈ (a,∞)
and this implies that a t , which is a contradiction. 
Theorem 2.3. If w is a strictly increasing, positive and continuous function such that w(t)< g(t) for t ∈ (a,∞),
w(a) = g(a), limt→∞ (t/w(t)) = 0 and the series
∞∑
i=0
K−1
(
(w−1 ◦ g)i(t)
w((w−1 ◦ g)i(t))
)
(2.3)
is convergent for some point t ∈ (a,∞), then a blow-up solution of (1.1) exists.
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Proof. We denote by t0 a point at which the series (2.3) is convergent (of course t0 >a). From Lemma 2.1 we get that
for any t ∈ [a,∞)
u−1(t)K−1
(
t
w(t)
)
+ u−1((g−1 ◦ w)(t)).
Let tn = (w−1 ◦ g)n(t0). Then tj ∈ (a,∞) and tj+1 > tj for any j = 0, . . . , n. Therefore
u−1(tn)K−1
(
tn
w(tn)
)
+ u−1((g−1 ◦ w)(tn)),
and, after rewriting,
u−1(tn)K−1
(
tn
w(tn)
)
+ u−1(tn−1).
We can iterate this last inequality. After n iterations we get
u−1(tn)
n∑
i=0
K−1
(
(w−1 ◦ g)i(t0)
w((w−1 ◦ g)i(t0))
)
+ u−1((g−1 ◦ w)(t0)). (2.4)
The function u−1(t) is a strictly increasing function deﬁned for t0. Thus, there exists a limit limt→∞ u−1(t), ﬁnite
or inﬁnite. If n → ∞ in (2.4), then
lim
n→∞ u
−1(tn)
∞∑
i=0
K−1
(
(w−1 ◦ g)i(t0)
w((w−1 ◦ g)i(t0))
)
+ u−1((g−1 ◦ w)(t0)).
Hence, by assumption,
lim
n→∞ u
−1(tn)C1
for some constant C1. This implies that
lim
n→∞ u
−1(tn) = C2
for some constant C2. The following fact is known: if for some sequence {tn} such that limn→∞ tn = ∞, a strictly
increasing function f (t) satisﬁes a condition limn→∞ f (tn) = C for some constant C, then limt→∞ f (t) = C. Thus
lim
t→∞ u
−1(t) = C2.
This means that (1.1) has blow-up. 
Remark 2.4. In practice, the convergence of the series (2.3) is rather difﬁcult to check analytically. However,
Theorem 2.3 seems to be useful from a numerical point of view.
3. Necessary condition for the existence of blow-up
Lemma 3.1. If Eq. (1.1) has blow-up, w is a strictly increasing, positive and continuous function such that w(t)< g(t)
for t ∈ (a,∞) and w(a) = g(a) as well as limt→∞ w(t)/t = 0, then for any ε ∈ (0, 1) there exists c0 such that, for
any t ∈ (c,∞),
K(u−1(t) − u−1(g−1(w(t)))) t
1−ε
g(t)
. (3.1)
Proof. Our proof is by contradiction. Suppose that (3.1) does not hold. This means that there exists a sequence tn → ∞
as n → ∞ (each term of that sequence satisﬁes tn ∈ (c,∞)) such that
K(u−1(tn) − u−1(g−1(w(tn))))< t
1−ε
n
g(tn)
.
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Using (2.2) and assumptions about the function w, we obtain for tn ∈ [a,∞)
tn =
∫ w(tn)
0
K(u−1(tn) − u−1(g−1(s))) ds +
∫ g(tn)
w(tn)
K(u−1(tn) − u−1(g−1(s))) ds
w(tn)K(u−1(tn)) + (g(tn) − w(tn))K(u−1(tn) − u−1(g−1(w(tn))))
< w(tn)K(u
−1(tn)) + g(tn)K(u−1(tn) − u−1(g−1(w(tn)))
< w(tn)K(u
−1(tn)) + t1−εn .
Dividing both sides of last inequality by tn, we get
1<
w(tn)
tn
K(u−1(tn)) + t−εn .
From our assumptions limn→∞ w(tn)/tn = 0, limn→∞ t−εn = 0 and limn→∞ K(u−1(tn)) is a ﬁnite value. We therefore
have a contradiction. 
Theorem 3.2. If Eq. (1.1) has blow-up at the point T (i.e., limt→∞ u−1(t)=T ), then w is a strictly increasing, positive
and continuous function such that w(t)< g(t) for t ∈ (a,∞) and w(a) = g(a) as well as limt→∞ w(t)/t = 0, then
for any t ∈ (c,∞) and for any ε ∈ (0, 1) series
∞∑
i=0
K−1
(
((w−1 ◦ g)i(t))1−ε
g((w−1 ◦ g)i(t))
)
(3.2)
is convergent.
Proof. Lemma 3.1 shows that for any ε ∈ (0, 1) there exists c0 such that for any t ∈ (c,∞)
K(u−1(t) − u−1(g−1(w(t)))) t
1−ε
g(t)
,
that is,
u−1(t)K−1
(
t1−ε
g(t)
)
+ u−1(g−1(w(t))). (3.3)
Let us take an arbitrary t0 ∈ (c,∞) and let tn = (w−1 ◦ g)n(t0). Then
u−1(tn)K−1
(
t1−εn
g(tn)
)
+ u−1((g−1 ◦ w)(tn)),
that is,
u−1(tn)K−1
(
t1−εn
g(tn)
)
+ u−1(tn−1).
We can iterate this last inequality. After n iterations we obtain
u−1(tn)
n∑
i=0
K−1
(
((w−1 ◦ g)i(t0))1−ε
g((w−1 ◦ g)i(t0))
)
+ u−1((g−1 ◦ w)(t0)),
that is,
u−1(tn)
n∑
i=0
K−1
(
((w−1 ◦ g)i(t0))1−ε
g((w−1 ◦ g)i(t0))
)
.
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Let
Sn(t0) :=
n∑
i=0
K−1
(
((w−1 ◦ g)i(t0))1−ε
g((w−1 ◦ g)i(t0))
)
.
From the fact that Sn(t0) is an increasing sequence with respect to n and from the fact that Sn(t0)u−1(tn)T holds
for any n, we conclude that
∞∑
i=0
K−1
(
((w−1 ◦ g)i(t0))1−ε
g((w−1 ◦ g)i(t0))
)
T .
Because t0 is arbitrary, the theorem is thus established. 
Conclusion 3.3. Let w be a strictly increasing, positive and continuous function such that w(t)< g(t) for t ∈ (a,∞),
w(a) = g(a) and limt→∞ w(t)/t = 0. If for some t ∈ (a,∞) and for some ε ∈ (0, 1)
∞∑
i=0
K−1
(
((w−1 ◦ g)i(t))1−ε
g((w−1 ◦ g)i(t))
)
= ∞,
then Eq. (1.1) does not have blow-up.
4. Examples
In applications there are many problems (see e.g., [10]) with g(t) ∼ t or g(t) ∼ et as t → ∞. In this section, we
test our sufﬁcient and necessary blow-up conditions on some related examples. First, we shall consider an example
with g(t) ∼ t (> 1) as t → ∞.
Example 4.1. We consider Eq. (1.1) with g(t) given by
g(t) =
{
t, t ∈ [0, 1),
t, t1,
where < 1, > 1 and k(t) ≡ 1 (that is K(t) = K−1(t) = t). Let w(t) = (1/m)g(t), where m> 1. Then function w
satisﬁes the assumptions of Theorem 2.3 with a = 0. We have
(w−1 ◦ g)(t) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
m1/t, t ∈
[
0,
(
1
m
)1/)
,
m1/t/, t ∈
[(
1
m
)1/
, 1
)
,
m1/t, t1.
Let us take an arbitrary t1. Then
∞∑
i=0
K−1
(
(w−1 ◦ g)i(t)
w((w−1 ◦ g)i(t))
)
= m
∞∑
i=0
mi/t
(mi/t)
= mt
1−
1 − m(1−)/ .
Thus, the series (2.3) is convergent for any t ∈ [1,∞). Therefore, on the basis of Theorem 2.3, we obtain that blow-up
occurs in our example. This is consistent with the analytic solution of (1.1): the nontrivial solution of (1.1) is given by
u(t) =
⎧⎪⎪⎨
⎪⎪⎩
((1 − )t)1/(1−), t ∈
[
0,
1
1 − 
)
,
(
(1 − )t + − 
1 − 
)1/(1−)
, t ∈
[
1
1 −  ,
− 
(1 − )(1 − )
)
,
and blow-up occurs for t = (− )/(1 − )(1 − ).
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In the second example g(t) has an exponential grow as t tends to inﬁnity.
Example 4.2. We consider (1.1) with function g(t) given by
g(t) =
{
t, t ∈ [0, 1),
et−1, t1,
where < 1 and k(t) ≡ 1 (that is K(t) = K−1(t) = t). Let w(t) = (1/m)g(t), where m> 1. Then function w satisﬁes
assumptions of Theorem 2.3 with a = 0. We have in this case
(w−1 ◦ g)(t) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
m1/t, t ∈
[
0,
(
1
m
)1/)
,
ln mt + 1, t ∈
[(
1
m
)1/
, 1
)
,
t + ln m, t1.
Let us take an arbitrary t1. Then
∞∑
i=0
K−1
(
(w−1 ◦ g)i(t)
w((w−1 ◦ g)i(t))
)
= m
∞∑
i=0
t + i ln m
et+i ln m−1
= mt
et−1(1 − 1/m) +
ln m
et−1(1/m − 1)2 .
We thus obtain that the series (2.3) is convergent for any t ∈ [1,∞). Therefore, on the basis of Theorem 2.3 we deduce
that blow-up occurs in our example. This is consistent with the analytic solution of (1.1), where the nontrivial solution
of (1.1) is given by
u(t) =
⎧⎪⎪⎨
⎪⎪⎩
((1 − )t)1/(1−), t ∈
[
0,
1
1 − 
)
,
1 − ln
(
2 − 
1 −  − t
)
, t ∈
[
1
1 −  ,
2 − 
1 − 
)
,
and blow-up occurs for t = (2 − )/(1 − ).
Our third example is related to the necessary blow-up condition of Conclusion 3.3.
Example 4.3. Finally, let us take (1.1) with g(t)=√t and k(t)= tn, n ∈ N ∪{0}. We take w(t)= 12
√
t (the function w
satisﬁes the assumptions of conclusion (3.3) with a=0). Because K(t)=1/(n+1)tn+1 (hence K−1(t)= n+1√(n + 1)t)
and (w−1 ◦ g)i(t) = 4i t , we have
∞∑
i=0
K−1
(
((w−1 ◦ g)i(t))1−ε
g((w−1 ◦ g)i(t))
)
= n+1
√
(n + 1)t1/2−ε
∞∑
i=0
4((1−2ε)/(2n+2))i .
For ε ∈ (0, 12 ) and t ∈ (0,∞) it is clear that
n+1√
(n + 1)t1/2−ε
∞∑
i=0
4((1−2ε)/(2n+2))i = ∞
and, according to (3.3), blow-up does not occur. Through computing we ﬁnd the nontrivial solution of this equation in
the form
u(t) =
[
n!(n + 1)!
(2n + 2)!
]2
t2n+2;
thus, blow-up really does not occur.
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5. Final conclusion
The necessary and sufﬁcient series conditions for explosion of solutions presented in the paper are not always easy
to check by analytical methods; however, it seems that they open a new way for numerical investigation of blow-up
phenomena.
An analytical tool that is used frequently in the theory of explosion solutions of differential and integral equations
involves ﬁnding a comparison problem. The comparison problem must be shown to have a blow-up solution which is
a lower bound of the solution to the problem under investigation. The problems examined here have the potential to
serve as comparison problems for other scenarios. Utilizing these solutions in this way is still under consideration.
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